The role of the Hulthén potential on the spin and pseudospin symmetry solutions is investigated 
I. INTRODUCTION
The spin and pseudospin symmetry [1, 2] observed originally almost 40 years ago as a mechanism to explain different aspects of the nuclear structure is one of the most interesting phenomena in the relativistic quantum mechanics. It plays a crucial role for a Dirac hamiltonian with realistic scalar S( r) and vector V ( r) potentials, for nucleon spectrum in nuclei, for the existence of identical bands in superdeformed nuclei, etc [3] . The key feature of the pseudospin symmetry is based on the small energy difference between single-nucleon doublets with quantum numbers n r , ℓ, j = ℓ + 1/2 and n r − 1, ℓ + 2, j = ℓ + 3/2, where n r , ℓ and j are the single nucleon radial, orbital and total angular quantum numbers, respectively.
These quantum numbers are relabelled as pseudospin doublets; ℓ + 1 =l is the "pseudo" orbital angular momentum,s = 1/2 is the "pseudo" spin and j =l ±s is the total "pseudo" angular momentum for the two states in the doublet [4] . For example, "n r s 1/2 , (n r − 1)d 3/2 " is valid forl = 1, "n r p 3/2 , (n r − 1)f 5/2 is valid forl = 2, etc. Another key feature is the single-particle Hamiltonian of the oscillator shell model. This means that the pseudospin concept in the nuclear theory is a division of the single-particle total angular momentum into pseudo rather than normal orbital and spin parts. The shell model implies that nucleons move in a relativistic mean field produced by the interactions between nucleons. The relativistic dynamics of nucleons moving in the relativistic mean field are described by using the Dirac equation and not the Schrödinger equation.
The pseudospin symmetry concept is investigated by the framework of the Dirac equation and occurs as a symmetry of the Dirac hamiltonian when an attractive scalar S( r) and a repulsive vector V ( r) potentials near equal to each other in magnitude, but opposite in sign, i.e., S( r) ∼ −V ( r). On the other hand, the sum of the vector and scalar potentials in the Dirac equation is a constant, i.e., V ( r) + S( r) = constant, for the solution of the pseudospin symmetry in nuclei. This condition has been found by Ginocchio [5] and applied to the case of the spherical harmonic oscillator [6] . Meng et al [7] showed that the pseudospin symmetry is exact under the condition of d(V ( r) + S( r))/dr = 0. Lisboa et al. studied the generalized harmonic oscillator for spin-1/2 particles by setting either Σ( r) = V ( r) + S( r) = 0 or ∆( r) = V ( r) − S( r) = 0 [8] . A necessary condition for occurrence of the pseudospin symmetry in nuclei is to consider the case Σ( r) = 0 [3, 5, 9, 10] . For more realistic nuclear systems, the quality of the pseudospin symmetry is increased in the framework of the single-particle relativistic models and hence the competition between the pseudo-centrifugal barrier and the pseudospin-orbital potential is completed in the onset of pseudospin symmetry [11] . The Dirac equation with the pseudospin symmetry is solved numerically for nucleons which move independently in the relativistic mean field with external scalar and vector potentials [12, 13] . In addition to the numerical solutions, some analytical solutions are also discussed for solving the Dirac equation for some realistic potentials [14] [15] [16] [17] with the pseudospin symmetry. The analytical solutions show that under the condition of pseudospin symmetry, the exact solution of the Dirac equation gives the bound-state energy spectra and spinor wave functions [18] [19] [20] .
The aim of this paper is to present an analytical bound state solutions of the Dirac equation for the Hulthén potential under the conditions of the exact pseudospin symmetry and exact spin symmetry. To obtain a general solution for all values of the pseudospin (spin) quantum numbers, the pseudospin (spin) symmetry and orbital dependency, pseudospin-orbit (spin-orbit) dependent coupling are included to the lower component of the Dirac equation as an integer quantum number. This component has the structure of the Schrödinger-like equations with the pseudo-centrifugal (spin-centrifugal) kinetic energy term and its solution is analyzed by using some algebraic methods and effective approaches. One of these effective approaches is applied to the pseudo-centrifugal (spin-symmetry) kinetic energy term in the case ofl > 0 (ℓ > 0) and also an effective potential suggested in the form of the square of the Hulthén potential is taken into account instead of the pseudo-centrifugal kinetic energy term. For small values of the radial coordinate r, this effective potential gives a centrifugal energy term in the first approximation. Therefore, the pseudo-centrifugal (spin-centrifugal) kinetic energy term is accepted as an effective term in this region. It is worthy to state that Jia et al [21, 22] have proposed an improved new approximation scheme to deal with the centrifugal kinetic energy term in the solution of the Schrödinger-Hulthén problem. Using this approximation scheme, Jia et al [23, 24] have obtained approximate analytical solutions for the Dirac-generalized Pöschl-Teller and Klein-Gordon-Pöschl-Teller problems including the centrifugal kinetic energy term. Recently, Ikhdair [25] has applied the approximation scheme to deal with the orbital centrifugal term in the Schrödinger-Manning-Rosen problem using the Nikiforov-Uvarov method. Further, the approximation has also been applied to the Schrödinger-Hulthén problem using the improved quantization rule [26] .
In the present work, the Dirac equation for the Hulthén potential is arranged under the condition of the exact pseudospin (spin) symmetry and it's solution is obtained systematically by using the Nikiforov-Uvarov (NU) method [27] [28] [29] [30] [31] . As an application of the Dirac-Hulthén problem with the pseudospin (spin) symmetry, the relativistic eigenvalue spectrum for various degenerate states is presented for several pseudo-orbital (spin-orbital) and pseudospin (spin) quantum numbers.
The structure of the paper is as follows. In Sec. 2, the basic ideas of the Nikiforov-Uvarov 
II. BASIC IDEAS OF THE NIKIFOROV-UVAROV (NU) METHOD
It is especially well known that the solutions of the Schrödinger and Schrödinger-like equations including the centrifugal barrier and/or the spin-orbit coupling terms have not been obtained straightforwardly for the exponential-type potentials such as Morse, Hulthén, Woods-Saxon, etc [32] . Although the exact solution of the Schrödinger equation for the exponential-type potentials has been obtained for ℓ = 0, any ℓ-state solutions have been given approximately by using some analytical methods under a certain number of restrictions [33, 34] . One of the calculational tools utilized in these studies is the NU method. This technique is based on solving the hypergeometric type second-order differential equations by means of the special orthogonal functions [35] . For a given potential, the Schrödinger or Schrödinger-like equations in spherical coordinates are reduced to a generalized equation of hypergeometric type with an appropriate coordinate transformation r → s and then they are solved systematically to find the exact or particular solutions. The main equation which is closely associated with the method is given in the following form [27] 
where σ(s) and σ(s) are polynomials at most second-degree, τ (s) is a first-degree polynomial and ψ(s) is a function of the hypergeometric type.
Let us now try to reduce Eq.(1) to a comprehensible form by taking ψ(s) = φ(s)y(s) and choosing an appropriate function φ(s):
At the first stage, Eq.(2) can be seen to be more complicated than the main equation, Eq.(1). To ensure the reasonable understanding, the coefficient of y ′ (s) is taken in the form
, where τ (s) is a polynomial of degree at most one, i.e.,
and hence the most regular form is obtained as follows,
where
The most useful demonstration of Eq. (5) is
The new parameter π(s) is a polynomial of degree at most one. In addition, the term φ ′′ (s)/φ(s) which appears in the coefficient of y(s) in Eq. (2) is arranged as follows
In this case, the coefficient of y(s) is transformed into a more suitable arrangement by taking the form in Eq. (4);
Substituting the right-hand sides of Eq. (3) 
As a consequence of the above algebraic transformations, the functional form of Eq. (1) is protected by following a systematic way. Therefore, the transformations allow us to replace the function of the hypergeometric type ψ(s) by the substitution φ(s)y(s), where φ(s) satisfies Eq.(4) whit an arbitrary linear polynomial π(s). If the polynomialσ(s) in Eq. (10) is divisible by σ(s), i.e.,σ
where λ is a constant, Eq. (10) is reduced to an equation of hypergeometric type
and also its solution is given as a function of hypergeometric type [35] . To determine the polynomial π(s), Eq. (9) is compared with Eq.(11) and then a quadratic equation for π(s) is obtained as follows,
The solution of this quadratic equation for π(s) yields the following equality
In order to obtain the possible solutions according to the plus and minus signs of Eq. (15), the parameter k within the square root sign must be known explicitly. To provide this requirement, the expression under the square root sign has to be the square of a polynomial, since π(s) is a polynomial of degree at most one. In this case, an equation of the quadratic form is available for the constant k. Setting the discriminant of this quadratic equal to zero, the constant k is determined clearly. After determining k, the polynomial π(s) is obtained from Eq. (15), and then τ (s) and λ are also obtained by using Eq. (5) and Eq. (14), respectively.
A common trend which is followed to generalize the solutions of Eq. (12) is to show that all the derivatives of functions of hypergeometric type are also of hypergeometric type. For this purpose, Eq. (12) is differentiated by using the representation
where 
In a similar way, an equation of hypergeometric type for v n (s) = y (n) (s) is constructed as a family of particular solutions of Eq. (12) corresponding to a given λ;
and here the general recurrence relations for τ n (s) and µ n are found as follows, respectively,
When µ n = 0, Eq. (22) becomes as follows
and then Eq. (20) has a particular solution of the form
which is the Rodrigues relation of degree n and ρ(s) is the weight function satisfying the differential equation
To obtain an eigenvalue solution through the NU method, the relationship between λ and λ n must be set up by means of Eq. (14) and Eq. (23).
III. DIRAC EQUATION
In the relativistic description, the Dirac equation of a single-nucleon with the mass µ moving in an attractive scalar potential S( r) and a repulsive vector potential V ( r) can be written as
with σ is the vector Pauli spin matrix and I is the identity matrix. P is the three momentum operators, α and β are the usual 4 ×4 Dirac matrices [36] , c is the velocity of light in vacuum and is the Planck's constant divided by 2π. E nrκ denotes the relativistic energy eigenvalues of the Dirac particle. For nuclei with spherical symmetry, S( r) and V ( r) potentials in Eq. (24) represent only the radial coordinates, i.e., S( r) = S(r) and V ( r) = V (r), where r is the magnitude of r. The spinor wave functions ψ nrκ ( r) can be written in the following form
where Y ℓ (θ, φ) (Yl(θ, φ)) and χ ± are the spin (pseudospin) spherical harmonic and spin wave function which are coupled to angular momentum j with projection m, respectively. F nrκ (r) and G nrκ (r) are the radial wave functions for the upper and lower components, respectively.
The label κ has two explanations; the aligned spin j = ℓ + 1/2 (s 1/2 , p 3/2 , etc.) is valid for the case of κ = −(j+1/2) and thenl = ℓ+1, while the unaligned spin
is valid for the case of κ = (j +1/2) and thenl = ℓ−1. Thus, the quantum number κ and the radial quantum number n r are sufficient to label the Dirac eigenstates. The Dirac equation
given in Eq.(24) may be reduced to a set of two coupled ordinary differential equations (in units of c = = 1):
where ∆(r) = V (r) −S(r) and Σ(r) = V (r) + S(r) are the difference and the sum potentials, respectively. By substituting
into Eq. (27) , the following second order Schrödinger-like differential equation for G nrκ (r)
can be obtained as
where E nrκ = µ when Σ(r) = 0 (exact pseudospin symmetry). Further, a similar equation
for F nrκ (r) can be obtained as follows
where E nrκ = −µ when ∆(r) = 0 (exact spin symmetry). Under the condition of exact spin symmetry, (d∆(r)/dr = 0, i.e., ∆(r) = C =constant), Eq. (30) turns out to be
where ℓ (ℓ + 1) comes from κ(κ + 1) and ℓ (ℓ + 1) /r 2 is the spin-centrifugal kinetic energy term. On the other hand, under the condition of the exact pseudospin symmetry (dΣ(r)/dr = 0, i.e., Σ(r) = C =constant), Eq. (29) is reduced to the form
wherel(l + 1) comes from κ(κ − 1) andl(l + 1)/r 2 is the pseudo-centrifugal kinetic energy term. According to the original definition of the pseudo-orbital angular momentum, the casesl = κ − 1 andl = −κ are valid for κ > 0 and κ < 0, respectively. Therefore, the degenerate states come into existence with the samel but different κ, generating pseudospin symmetry. Another important point which is necessary to be said on Eq. (32) is that the radial part of the spinor wave function ψ nrκ ( r) must satisfy the boundary conditions that G nrκ (r)/r becomes zero when r → ∞, and G nrκ (r)/r is finite at r = 0.
IV. BOUND STATE SOLUTION BY MEANS OF THE NU METHOD A. Hulthén Square Approximation
In this section, we shall involve the Hulthén potential to solve the Dirac equation given in Eq. (32), meaning that the potential ∆(r) is exponential in r and the pseudo-centrifugal kinetic energy term is quadratic in 1/r. The exponential potential in r is the famous Hulthén potential [37, 38] ;
where δ is the screening parameter which is used for determining the range of the Hulthén potential. The parameter ∆ 0 represents δZe 2 , where Ze is the charge of the nucleon [39] .
The intensity of the Hulthén potential is denoted by ∆ 0 under the condition of δ > 0. This potential has been used in several branches of physics and its discrete and continuum states have been studied by a variety of techniques such as the algebraic perturbation calculations which are based upon the dynamical group structure SO(2,1) [40] , the formalism of supersymmetric quantum mechanics within the framework of the variational method [41] , the supersymmetry and shape invariance property [42] , the asymptotic iteration method [43, 44] and the approach proposed by Biedenharn for the Dirac-Coulomb problem [45, 46] . (1 − e −δr ) 2 =l
The exponential numerator in Eq. (34) (1 − e −δr ) 2 − (µ − E nrκ + C)
where κ =l + 1 for κ > 0 and κ = −l for κ < 0 and the wave function has to satisfy the boundary conditions, i.e., G nrκ (r = 0) = 0 and G nrκ (r → ∞) = 0. It is convenient to introduce the following variable and parameters:
which allows us to rewrite Eq.(35) in the simple form
where the finiteness of our solution requires that G nrκ (s = 1) = 0 for r → 0 and G nrκ (s = 0) = 0 for r → ∞. The above equation can be solved by using a special solution method mentioned in Ref. [27] and following a short-cut procedure given in Section 2. First of all, before starting the procedure of the solution, Eq. (41) is compared with the hypergeometric type differential equation given in Eq. (1) and consequently Eq. (41) is solved analytically due to the fact that the solution is still subjected to a methodology using algebra and calculus.
This part will be treated in the next subsection partially.
B. Pseudospin Symmetry Solution
By applying the basic ideas of Ref. [27] and imposing the theory of orthogonal functions which are known as a generalization of the Rodrigues formula [35] , the comparison of the differential equations in Eq. (41) and Eq. (1) gives us the following polynomials;
In the present case, if we want to substitute the polynomials given by Eq. (42) into Eq.(15), the following equality for the polynomial π(s) is obtained
The expression under the square root of the above equation must be the square of a polynomial of first degree. This is possible only if its discriminant is zero and the constant parameter k can be determined from the condition that the expression under the square root has a double zero. Hence, k is obtained as k +,− = 2ω
In that case, it can be written in the four possible forms of π(s);
One of the four possible forms of π(s) must be chosen to obtain an eigenvalue equation.
Therefore, its most suitable form can be established by
for k − . The trick in this selection is to find the negative derivative of τ (s) given in Eq.(6).
Hence, τ (s) and τ ′ (s) are obtained as
In this case, a new eigenvalue equation for the Dirac equation becomes
where it is beneficial to invite the quantity λ nr = −n r τ ′ (s) − (14),
In order to find an eigenvalue equation, the right-hand sides of Eq. (46) and Eq.(47) must be compared with each other. In this case the result obtained will depend on E nrκ in the closed form:
Substituting the terms of right-hand sides of Eqs. (37) and (38) into Eq.(48), the energy eigenvalue equation for E nrκ can be immediately obtained;
The energy spectrum of the Dirac equation for ∆(r) = V (r) − S(r) = −∆ 0 e −δr 1−e −δr is obtained by means of Eq. (49) . In this case, the states with the same n r andl will be degenerate. The two energy solutions of the quadratic equation can be obtained as
For a given value of n r and κ (or ℓ), the above equation provides two distinct positive and negative energy spectra related with E + nrκ or E − nrκ , respectively. One of the distinct solutions is only valid to obtain the negative-energy bound states in the limit of the pseudospin symmetry. Before seeking the acceptable solution, it is useful to present some analogy about the energy spectra. Now, we are going to find the corresponding wave functions for the present potential model. Firstly, we calculate the weight function defined as [47] [48] [49] [50] [51] 
and the first part of the wave function in Eq. (4):
Hence, the second part of the wave function which is the solution of Eq. (20) can be obtained by means of the so called Rodrigues representation
where the Jacobi polynomial P 
The hypergeometric series 2 F 1 −n r , n r + 2 iω 1 +l + 1 ; 1 + 2iω 1 ; exp(−δr) terminates for n r = 0 and thus converges for all values of real parameters ω 1 > 0 andl > 0. In case if C = 0, then iω 1 δ = (µ + E nrκ ) (µ − E nrκ ) with the following restriction E nrκ < µ required to obtain bound state (real) solutions for both positive and negative solutions of E nrκ in Eq. (53). Now, before presenting the corresponding upper-component F nrκ (r), let us recall a recurrence relation of hypergeometric function
with which the corresponding upper component F nrκ (r) can be given by solving Eq. (28) as follows
where E nrκ = µ when C = 0, exact pseudospin symmetry and d nrκ is the normalization factor.
C. Spin Symmetry Solution
This symmetry arises from the near equality in magnitude of an attractive scalar, S( r), and repulsive vector, V ( r), relativistic mean field, S( r) ∼ V ( r) in which the nucleon move [48] [49] [50] [51] . Therefore, we simply take the sum potential equal to the isotonic potential model,
i.e.,
along with the approximation given by Eq. (34) to deal with the spin-orbit centrifugal term ℓ(ℓ + 1)/r 2 . In the last equation, the choice of Σ(r) = 2V (r) → V (r) allows us to reduce the resulting solutions of the Dirac equation into their non-relativistic limits under appropriate choice of parameter transformations [51] . Therefore, the spin-symmetry Dirac equation (31) becomes
(1 − e −δr ) 2 + (µ + E nrκ − C)
where κ = ℓ for κ > 0 and κ = −(ℓ + 1) for κ < 0. It is convenient to introduce the following new variable and parameters:
which allow us to rewrite Eq.(62) in a more simple form as
where the finiteness of our solutions require that F nrκ (1) = 0 and F nrκ (0) → 0. We apply the NU method following the same steps of solution in previous section to obtain the expressions:
To avoid repition, the functions required by the method for π(s), k and τ (s) can be established as
and
respectively, with prime denotes the derivative with respect to s. Also, the parameters λ and λ n take the forms:
Using the basic condition λ = λ n followed by simple algebra, we obtain
and then the energy eigenvalue equation is immediately obtained
The two energy solutions of the quadratic equation (75) can be obtained as
For a given value of n r and κ (or ℓ), the above equation provides two distinct positive and negative energy spectra related with E + nrκ or E − nrκ , respectively. One of the distinct solutions is only valid to obtain the positive-energy bound states in the limit of the spin symmetry.
In our calculations for the spin symmetry wave functions, we firstly find the weight function:
and from which the second part of the wave function by means of Rodrigues formula as
By using F nrκ (s) = φ(s)y nr (s), in the spin symmetry case, we may write down the upperspinor wave function in the following fashion
It is noted that the hypergeometric series 2 F 1 (−n r , n r + 2 (iω 2 + ℓ + 1) ; 1 + 2iω 2 ; exp(−δr))
terminates for n r = 0 and thus it converges for all values of real parameters ω 2 > 0 and ℓ > 0. In case when C = 0, then iω 1 δ = (µ + E nrκ ) (µ − E nrκ ) with a restriction for real bound states that E nrκ < µ for both positive and negative solutions of E nrκ in Eq. (79).
Thus, the corresponding spin-symmetric lower-component G nrκ (r) can be found as follows
where E nrκ = −µ when C = 0, exact spin symmetry and b nrκ is the normalization constant.
Let us finally remark that a careful inspection to our present spin-symmetric solution shows that it can can be easily recovered by knowing the relationship between the present set of parameters (ω 
That is, with the above replacements, Eqs. (49) and (57) Let us now present the non-relativistic limit. This can be achieved when we set C = 0, Σ 0 = δ and using the mapping E nrκ − µ → E nrℓ and E nrκ + µ → 2µ in Eqs. (64), (65) and (74), then the resulting energy eigenvalues (in = c = e = 1 units) are
Also, the wave functions in Eqs. (83) and (84) turns out to become It is well-known that for the finite nuclei the constant C is adjusted to zero because each potential goes to zero at large distances. If the difference between the scalar S(r) and vector V (r) potentials equals to a given constant C, this is equivalent to adding the relevant constant to the relativistic energy and mass. The constant for the energy is unimportant because it does not affect the energy difference. Whereas the variation of C is equivalent to the variation of mass. This is more physically transparent for the pseudospin-orbit dependency of the Dirac equation. Moreover, in the case of the infinite nuclear matter, the constant C could be non-zero. The energy spectrum versus the mass µ is plotted by setting C = −4.9 f m −1 , as shown in Fig.2 . The variation of the energy spectrum forl = 1,l = 3, ℓ = 5 andl = 7 is presented by using δ = 0.25. The radial quantum number is fixed to 1 (n r = 1). In 
